Developing the Law of Cosines
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In this worksheet you’ll prove the Law of Cosines and try some practice problems

1) Build a linkage as shown using one side with 9 holes and one side with 12 holes. Put the pin through the 3rd hole from the end of the shorter side and the 4th hole from the end of the longer side. Use a ruler to confirm the sides are 12 cm and 16 cm from the pin to the hole.


a. What is the distance from A to B when the angle at C is a right angle? Measure the distance between the holes on the end.


b. How does the distance from A to B change as 
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is rotated to make smaller and smaller angles at C?


c. How does that distance change as 
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is rotated to make larger angles at C?


2) Test your answers by using a protractor and a ruler to carefully measure the distance from A to B. Fill out the first line in the table for the angles shown and then use your calculator to complete the rest of the table. You may share the workload with your group, but everyone must have a completed table. Round all numbers to one place after the decimal.
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	2ab cos(C)
	
	
	
	
	
	
	

	a2 + b2 – 2ab cos(C)
	
	
	
	
	
	
	


3) One statement of the Law of Cosines is c2 = a2 + b2 – 2ab cos(C)


a. When m
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C = 90º, how does that simplify the equation for the Law of Cosines? It might help to find cos(90º).


b.  In what sense does the term –2ab cos(C) act as a “correction factor” for the Pythagorean Theorem?
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The Law of Cosines

Given: (ABC
Prove: c2 = a2 + b2 – 2ab cos(C)

4) Construct a proof by following these steps:


a. Use the diagram and the Pythagorean Theorem 
to write an expression for b2 in terms of x and h                    _____________________________


b. Write an expression for x in terms of b and cos(C)                _____________________________
 

c. Use the diagram and the Pythagorean Theorem 
to write an expression for c2 in terms of a – x and h               ______________________________


d. Simplify by expanding (a – x)2       (FOIL it)
   
       ______________________________


e. Substitute the result from step a in place of x2 + h2
       ______________________________


f. Substitute the result from step b in place of x

       ______________________________


g. Rearrange terms to get the statement to be proven
       ______________________________

The Law of Cosines, “c2 = a2 + b2 – 2ab cos(C)”, can be stated as “The square of one side of a triangle is equal to the sum of the squares of the two other sides minus two times their product times the cosine of the angle between them.”

5) Switch the letters to rewrite the Law of Cosines so that it finds a2 given side b, side c, and angle A

6) Rewrite the Law of Cosines to find b2 given side a, side c, and angle B
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For the triangle to the right

a. Why can’t you use the Pythagorean Theorem to find any missing sides or angles?



b. Try to use the Law of Sines to find a missing side or angle? Why doesn’t it work?



c. Find side c using the Law of Cosines. Round all answers on this page to two places past the decimal.








d. Find angle B using the Law of Sines
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7) For the triangle to the right, find side a using the Law of Cosines









8) For the triangle to the right
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Why can’t you use the Law of Sines to find the missing angles?



b. Solve the equation “a2 = b2 + c2 – 2bc cos(A)” for “cos(A)” in terms of sides a, b, and c. Show your work.








c. Use your answer to part b and the inverse cosine function to find m
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